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For a hyperbolic system with different time scales, initial and boundary conditions can
be given such that the fast time scale is not initiated. The solutions obtained can be de-
veloped in an asymptotic series. Computation of this series is done by a difference scheme,
where the time step is not restricted by the fast time scale. The method is applied to the
simplest version of the MHD equations.

1. INTRODUCTION

Many time-dependent processes in physics and technology are such that time scales
of different magnitudes are present. If the mathematical model is a hyperbolic system
of partial differential equations of first order, the different time scales are represented
by the eigenvalues of the coefficient matrix, with the large eigenvalues corresponding
to the fast time scale. In many applications the solutions consist of a slowly varying
part perturbed by a small rapidly oscillating part. In such cases one is often interested
in the unperturbed solution only. A typical example is the dynamics of the atmosphere
in meteorology, where the fast gravity waves are small and of no influence on weather
forecasting.

Another example comes from plasma physics, where the so-called fast waves of the
MHD equations in some applications are much faster than the remaining wavetypes.
If an explicit difference scheme is used for this system, and the primary interest is in the
slow waves, then the computing time becomes too long because of the stability limit
on the time step. Therefore some method must be used which permits the use of larger
time steps. A fully implicit scheme (perhaps with a smoothing term included) is one
solution to the problem, and is advocated as the best solution by Brackbill in his
survey article [1]. One can also use a semi-implicit scheme; see, for example, [11].
Recently, a method using the grid as a dynamic variable has been proposed for the
MHD equations by Jardin et al [9].

If an implicit scheme is used with a time step which is significantly longer than what
would be allowed by the Courant-Friedrichs-Lewy condition, then we can expect
accurate solutions only if the slow waves are the dominant part of the solution. To be
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more precise, we require that the derivatives of the solution up to some order p be
bounded, independently of the magnitude of the large eigenvalues.

Recently, Kreiss [12, 13] has developed a general theory for problems with different
time scales, and the main result is that p derivatives will be bounded during a certain
time interval provided p derivatives are bounded initially. In other words, with proper
initial data and boundary conditions the fast time scale is not initiated. The kind of
problems we are considering here are characterized by a small parameter e occuring
in the system of differential equations. Kreiss’ theory for ordinary differential equations
makes use of asymptotic expansions in terms of ¢; such expansions have been con-
sidered also by other authors, for example, in [6-8, 10]. In [5] we proved the existence
of asymptotic expansions also for partial differential equations, under certain condi-
tions on the initial data, such that the solutions are smooth independently of €. The
main idea of this paper is that these expansions should be used also for computational
purposes. In other words, if we are interested in smooth solutions only, i.e., the cases
where implicit schemes could be used, then we should use the smoothness property to
make the computation efficient. We will show, with the one-dimensional MHD
equations as an example, that this will simplify the computation considerably com-
pared to those methods where the whole system is integrated in time. An obvious
way is to solve the reduced problem obtained for e = 0, which corresponds to using
the zero-order term in the expansion only. However, in many applications, this
method does not give sufficient accuracy. We will show that higher-order terms can be
included and the computational procedure will still be efficient. In this way the system
can be reduced to a smaller subsystem which does not contain the fast waves, and
therefore can be integrated using a simple explicit difference method.

In Section 2 we define the problem and the method in general; an analysis of the
stability is also given both for the differential equations and the difference schemes.
In Section 3 we define the MHD problem and the method applied to it, and in Section 4
the numerical experiments are presented.

2. DIFFERENCE METHODS USING ASYMPTOTIC EXPANSIONS

We will consider hyperbolic systems in one space dimension, which have the form

(o), + (72 B )(m) -+ (Gp) =0 o<x<1 =0 @

where
P,-jzAz-ja/ax—}—Eﬁ, 121,2;j=1,2.

Here € is a small parameter and #!, u!! are vector functions of x and ¢ with r and s
components, respectively.

A;; are matrices which may depend also on ul, #'. It is always assumed that Az is
bounded independently of .
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If the original form of a given system is not (2.1), then it is assumed that a change of
variables is made such that form (2.1) is obtained. This procedure is carried out for the
MHD problem in Section 3.

There are also initial conditions

ul(x, 0) = fl(x), (2.22)
ull(x, 0) = f1(x) (2.2b)
and boundary conditions
Bou(0, t) = go(t), (2.3a)
Byu(l, 1) = g(1), (2.3b)

where B, , B, are rectangular matrices, and u is the vector u = (u', 2)". In [13, 5]
conditions on the boundary conditions are given such that smooth solutions exist
which can be developed into an asymptotic series. In Section 3 we will investigate
these conditions for the MHD example. Let us just note here that the reduced problem
corresponding to € = 0 must be well posed. As an example, consider the problem

a 1 0

u,+ {1 a 1/e)um=0, a >0,
0 ljle a

u(x, 0) = f(x),

40, t) = 0,
u (0, t) + bu®(0, t) + cu®(0,¢t) = 0,
u®(1, £) = 0.

These are well-posed boundary conditions for any fixed € > 0. However, the reduced
problem is

w +aul =0, u¥x0) = V),

u® =y =0,

and in general there is obviously no unique solution to this problem. For a calculation
made in practice with nonzero but small €, we would get nonsmooth solutions.
We introduce the truncated formal asymptotic expansion for u!!

2—1

ul = ) &,
=0
into the differential equation. In general, the elements of Ay , Ayy , Eyy , Eyy , and FUI

are expanded in terms of ¢, and all terms corresponding to each power of e are collec-
ted and put equal to zero.
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Assume that A,, , 4,5, for a given vector function #! are smooth matrix functions of
u'l, so that we have expansions

-1
Ay = z Agl)fy,
=0

1

Agy = Z Az(’g)fj,
i=0
where Af) and A depend on ¢y, ¢, ,..., ¢; only. In the same way we assume
-1 . -1 N .
Fi' =Y Fid,  Ey=Y EJJ,  i=1,2,
j=0 j=0

Then the equations for ¢, are

A o, + Eny + F¥ =0,

-1

(b + A57Vu + ES + Y AR5 1)e (2.4)

2
k=0

+EPg +F? =0, j=1,2,.,p—1

For a given vector function 4! Egs. (2.4) are solved using boundary conditions (2.3).
The functions ¢,(x, 0) determine the initial data f'' up to order 7! if we want bounded
derivatives up to order p; see [5].

We note that if £ = 0 and FI' = 0, then ¢, = 0 and apparently all systems in the
second equations of (2.4) are linear in the unknown variable ¢; .

We also write down system (2.4) if all the coefficients 4;; and E;; of (2.1) are constant
and independent of e:

Azz‘ﬁo, + Ezzﬁbo + Fi1 =0,
‘Iso, + A" + Equ' + Azz‘l’m + E22¢1 =0, (2.4a)
(-t + Ay, =0, j=2,3,...p—1

We now turn to the method of calculation. The problem at hand with the initial
function determined is to compute #! and u!! = Z;:ol e'¢; in an efficient way. The
general approach is to use an explicit difference scheme for the first part of the system
of differential equations. The time step is restricted essentially by the eigenvalues of
A;; only, and this is of course the main point which makes the calculation efficient.
We do not discuss here the various schemes which could be used, but the leap-frog
scheme with second- or fourth-order accuracy in the x-direction, possibly with a
dissipation term included, is one of the candidates; see [11, 14, 2]. For each time step
in the general case, one or more systems of ordinary differential equations must be
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solved. Sometimes this system can be solved once and for all independently of !
with ¢ as a parameter as in our MHD example. In other cases the system can be
solved analytically for the given t-value at each time step.

Let us assume that the boundary conditions have the form

CoX(0, 1) = hl(1),
Cl(1, 1) = hX();
a0, £) = B, u'(0, 1)),
(1, 1) = Bt W', ).

2.5)

(2.6)

Here (2.6) represents s conditions; (2.2) represents r or fewer conditions such that
u, + Aju, is well posed with (2.2a), (2.5).

The general algorithm for computing u(¢ + A¢) when all time levels up to time ¢
are known is divided into two main steps:

1. Advance the difference scheme for

utl + Pqu ‘+‘ P12uu +FI = 0
one step:

u"™ =y Qe — FT, @7
J

Here stable numerical boundary conditions must be used together with (2.5) such that
#l(t + At) is defined also at the boundaries.

2. Solve (2.4) with ¢, satisfying (2.6) and ¢; =0 at x =0, x =1,j=1,..,
p — 1. This is done analytically if possible, otherwise by a difference approximation

Ri¢; =0, j=0,1.,p—1 (2.8)

Boundary conditions (2.6) could also be expanded in terms of ¢, such that &;
satisfies the jth-order part, but there is no disadvantage in letting 4, satisfy (2.6)
exactly.

The time derivatives (¢;_;); occuring in (2.4) can sometimes be computed
analytically, as in our MHD example. They can also be substituted by x-derivatives
of ! and already computed ¢;s by using the first part of the PDE system, but in general
it is more convenient to use a difference approximation in time. This general method
will be treated in the stability analysis below.

For practical purposes we believe that it is sufficient to consider the cases p = 1, 2, 3.
For each case we will first show explicitly that the resulting system of differential
equations is well posed. Furthermore the stability is analyzed for the corresponding
approximation based on the second-order leap-frog scheme for (2.7) and centered
second-order difference approximations for (2.8). Only the Cauchy problem for

581/36/2-6
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symimetric constant coefficients is considered, where for the u!-equations we require
u'(+o0) = 0. The lower-order terms in (2.4a) are disregarded, since they do not
affect the stability.

p=1
This is the reduced problem, and we have
uy = ¢, = 0.
Therefore
utI _l_ 1411ua7I = 07

and since 4,, is symmetric we get with

o) = [ulods, JulP = (),
that
d 12 — 2ul. A nN-—0
St P = =260, Ay = 0.

This leads immediately to
| u(®)il = [l u(0)] .
The approximation is

+1 -1
u"" —

24t + Ay D' + A4y, D™ = 0,

where D, is the centered second-order difference operator. Since Dgu!''" = Dy, = 0,
stability is immediately clear for | A {max 47 < 4x, where the eigenvalues of A,
satisfy | A; | << | A |max ; see, for example, [15].

p=2
In this case we have
Uy = ey, = —edzAnu,,
and therefore
ut‘ -+ Anuxl - 51‘1121‘12_21“12114@I =0.

Ay, and A,, are symmetric and AJ, = 4,,. Hence, the matrix A;; — eA;,455 A4, is
symmetric, and the estimate

Il w()]| = 1| u(O)}

follows as in the previous case.
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The approximation for u™ = e¢, satisfies

n
Agp Dy = —eAdn D",

and we get
u1n+1 __ uln‘l

24 + AuDot" — €Ay Ay Ay Dout” = 0.

The stability condition is slightly strengthened; we must require that | X |max 47 < 4dx,
where the eigenvalues A; of 4;; — ed;,Azi Ay satisfy | A; | < | X [max -

p=3
1! now has the form
ull = ey + 2y,
where ¢, is defined by

‘f’z, = -Aé_zl‘l’lt = “AgzzAzlutlf-
By inserting the expression for #!! into the first part of the system we get the system
for u!
Cutl + DumI = 0,

where

C = I—‘ €2A12A;22A21
and

D = A4y — €1‘1121‘12_211421

are symmetric matrices. C is positive definite and therefore we can define a new norm
(u, Cu), and obtain

d
7 (u, Cu) = —2(u, Du,) = 0.

Hence
Hu(@)? < Ky(u(t), Cu(t)) = Ki(u(0), Cu(0))
< K, || u(0)]2.

The numerical calculation of ¢, requires in general an approximation of ¢y, Since
€%¢, is the last term in the expansion, it does not make sense to require too high
accuracy; therefore we use a one-sided difference approximation:

A D ¢ﬂ+1 _+__ ;.H—l _ (ﬁln —_ 0
224072 At .

For #! we get

171

uln+1 —
24t

n — n _ u" — "
+ Ap D" — E1‘1121‘12211‘1210014I - €2A12A222A21T = 0.
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Because of the last term the amplification factor will have a magnitude 1 + O(e?).
However, the increase in the solution will be of no practical importance, since at
time ¢ the truncation error and the rounding errors are multiplied by a factor e@tt/4t,
which for At = O(e), say, is of order e,

If one insists upon having no growing component of the solution, the equation for
computing ¢ is changed to

n+2

A22Do¢g+1 + Lo o TL ZA~t ¢1 = 0.

Since 77 is in general not available, we introduce the expression for ¢, into the
equation for ! and obtain

n+l -1
ul — "

(r— €2A12A;32A21) T

+ ApDgu"" — €A1 Az Ay D" = 0,

which is an approximation of the differential equation Cu,' + Du,! = 0 above. The
step size is now determined by the eigenvalues of (I — €24;545545) " (A1 — €Ay,
Az Ayy).

3. THE MHD EQUATIONS

For illustration and in order to test the method we have proposed, the computa-
tional procedure was applied to a simple one-dimensional problem from plasma
physics. It describes a plasma surrounded by vacuum which is confined between two
walls, The equations are

4 vac. | Plasma | vac. ¢

L.,

Pt + UP::: + Pvm :Os

v+£E + v +—l—3——B =0 @G.n
t pp% @ 47TIJaP x T ) .

B; + Bv, + vB, =0, 0 < x <),
where the dependent variables are p = density, v = velocity, B = magnetic induction

field. a is the speed of sound, p is the permeability. We have assumed constant entropy,
and that the pressure is defined by p = Ap”, where A and y are given constants. In
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this way the speed of sound is defined by a? = Ayp*~L. a(t) is the distance between
the center and the plasma/vacuum interface. It is defined by

t
(1) :j o(l, 1) dt + o,
0

where «, is the initial radius.
The boundary conditions are

v=20 atx =0, (3.2a)
8muAp” -+ B2 =g(t) atx = a. (3.2b)

Here (3.2b) denotes the fact that the total pressure is continuous across the plasma-
vacuum interface; the magnetic field in vacuum is a given function of time.
The variables are made dimensionless by

£ = plpo>
¥ = vfvy s
B:B/BOs
&= x/a,
= twy/oy

from which we get the new system
pe -2 [0 — (1, DX) p, + po] = O,

1 B
vy -+ ke [pr + (0 — o1, )x) v, -+ ‘eTpBw] =0,

64

3.3)
B, + 2B, + (v — o1, £)x) B,] = 0,

t
® :otofo (1, ) dt + « .

Here we have dropped the “hats,” so that x, ¢, p, v, B are the new variables. « is a
function of ¢; therefore differentiation with respect to time produces an extra term
o'(t) £(9/6x) = (1, t) #(9/0x), and this is the reason for the modified diagonal
coeflicients. ¢ is a small parameter representing the inverse of the Alfvén number, and
is defined by

Yo

€ = 3 Gmupy) ™
The Mach number M, is defined by

M0 = vo/ao = Uo/( A.},P;—l)l/z.
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The coefficient matrix for the space derivative is with & = v — o(l, £) x

T p (U
& i . B
= | e
a | MgPp* <p |
0 B 9
which has the eigenvalues
oA
A = EO i
Yo (g (P By
Ao = o (vi<M02 + ezp) )

We introduce the new variable B by B = 1 + B and get the new system

we + A(w) w, = 0, 0<x<1, (3.4
where w = (p, v, B)",
i p O
1 5 B
Ay =2 | "M 3
o £ 3
€
The boundary conditions are
v=20 atx =0, (3.5a)
2yt Lo pr 4 (1 By = %’—3 ~14eit) at x—1. (3.5b)
(] 0

At this point we check the conditions stated in [5] for the linearized version of (3.4),
(3.5) with constant coefficients, such that the asymptotic expansion exist. We put
% = 0 in A(w) since ¥ vanishes at both boundaries. A simple scaling of the variables

v—> MypB"12y,

B— MpE12R,

where # denotes the constant value of p in A(w), gives A(w) a symmetric form 4. The
orthogonal matrix 7 containing the eigenvectors of 4 can be shown to have the form

fyn €ty €ty
T=\{0 1t -—tnl]

tgy typ I
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where the ¢,;5 are bounded for small e-values, and T7TAT = A is diagonal. The trans-
formed system is with W = T7w = (W, W, , W5)

o [0 0 0
W,+2{0 ¢fe 0 JW,=0, ¢>0.
*o 0 —cle

The linearized homogeneous boundary conditions expressed in the new variables
have the form

W2: W3 atx:(),
W, = —W, - beW, atx—1,

but since Wy(1, t) = W(l, 0) it is sufficient to consider the condition
Wy=—W, atx=1
The inequality required in [5] leading to an energy estimate can be expressed as
Real(W, (8/@) AW,) < —8(] W0, 1)F + | W1, DX + C|| WIR,

where (-, ) denotes some scalar product, and || - || the corresponding norm.
We define for real functions

1 0
Wa, o) = J.l woT 1 W@ dx,
0 0 0(x)

where 8(x) is a smooth function. We get
W, Aw,) = “€C‘[W2(O, 1P — Wy(l, 1)* — 8(0) Wy(0, £)* + 6(1) Wy(1, )]
—flef)W dx—ffle W d
€dy 3 e, e 3 ax.

By choosing 6(0) = 1 + ¢, 8(1) = 1 — ¢, we can construct (x) such that | 6,(x)| =
O(e), and the required inequality is obtained by using the boundary conditions.

For the original problem (3.4), (3.5) it is now assumed that the time derivatives of v
and B up to order p are bounded for small e. The formal expansions

v=Y v,
i=0
(3.6)
B = B¢
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are inserted into the second and third differential equation, all terms with the same
power of e are collected, and the sum is put equal to zero. For a given function p the
resulting equations are solved using for » the boundary conditions

v0,t) =0, i=0,1,.,p—L
For B the boundary conditions are obtained from the expansion of the condition
B(1,1) = (1/e)((1 + €g(t) — 2e2podp(l, t)[o2)'/2 — 1) = P(1), (3.7
where the first terms are
PoA )

Bty = — B0, ey 24

Since v(x, t) = O(e), it is seen from the first equation in (3.3) that p, = O(¢), and
therefore we have at the boundary

B, (1,1) = gD g'®)/4

The first functions in the expansions are now easily obtained.

UO(x’ t) = 09

By(x, 1) = g2,

ny(x, ) = _ﬁ(‘_) RO

B, 1) = s (oL = o, ) = EEE o 22
Uz(x, ) OL(t) g(t)2 (t)

The initial conditions are restricted such that (3.6) is satsified for = 0. We could add
terms of order e to these expansions, but the essential freedom in the choice of

initial data is that p(x, 0) can be chosen arbitrarily.
We will now discuss the solutions to the full system in some detail, depending on
the number of terms in the expansions.

1- U=UO,B=BO

This case is equivalent to setting € = 0 in the original system. The assumption is
that the first-order time derivatives are bounded, and apparently this requires that
&'(t) be bounded. The initial conditions are

v(x, 0) = O(e),
B(x, 0) = £(0)/2 + O(s).



SOLUTION OF HYPERBOLIC SYSTEMS 221

The solution in this case is trivial and has an error of order e:

p(x, 1) = p(x, 0),

v(x, ) =0,

B(x, 1) = §(1)/2,
aft) = ay .

(3.8)

Obviously, solving the reduced problem does not give any detailed information about
the solution except if € is very small.

2. v=uv,+ ev,,B=By+ B,

In this case the tlme denvatwes of order 2 are assumed to be bounded. This requires

— pises P PPy P

T\X, U) — —U.O€ELWUJX  ULET),
g(0) 1 v w80 pod
Blx,0) = £ + « (yp (0L, 0 — plx, 07) — £ + 51, 0 £5)
+ 0(62).
Since v is a linear function of x, the first equation of the system takes the simple
form
pt— % ep = 0.
The equation for « is
doe € 5
dt 20 *

and we can easily write down the complete solution:

p(x, t) = ele/D@O-EOg(x (),

U(X, t) - —(elzao)(f(t)—i(o)hg (t) €x, (3 9)
5 _ & ) N0k ‘
B0, 0) = £ 4 ¢ [ Gt — ptvor) = 98] 4,

O((t) — e—(s/2a0)(§(t)—§(0))a0

(the constant § is in the numerical experiments chosen such that the boundary condi-
tion (3.7) is satisfied exactly).

If we are interested in raising the accuracy for v only we can add the v,-term:

o, 1) = — £ F(0) ex(l — et <L (‘)

] (3.10)
a(t) — e——(e/2a¢)(§(t)-§(0))+(c /4«0)(§(t)2—§(0)2)a0
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4. NUMERICAL RESULTS

In this section we present results from a number of numerical experiments with
system (3.1).
These experiments are designed to show two things:

(1) The importance of initialization. Implicit schemes with large time steps
work properly only if the initial data are chosen such that the time derivatives are
bounded (the fast scale not initiated). This is shown in experiments A, B, and C.

(2) The scheme of type (2.7), (2.8) using asymptotic expansions computes the
solution efficiently if the fast scale is not present. This is shown in experiments C, D,
and E.

The problem is first solved by integrating the complete system using an explicit
difference scheme with a fine mesh. In that way we obtain an almost exact solution to
use for comparison. An implicit method is then used for the complete system with the
time step chosen to fit the slow time scale, which is, in our example, controlled by the
boundary data. It is shown that the implicit scheme gives erroneous results if the
initial conditions are not chosen properly. This is not very sensational, but we also
show that it is not sufficient to choose these conditions such that the reduced problem
is satisfied initially (v (x, 0) = By(x, 0) = 0).

The proposed method, using asymptotic expansions with the first few terms in-
cluded only, is for our example very simple to use, and the solutions can be computed
analytically, which has been done in Section 3.

However, in order to study the properties of the discrete method, we ran a scheme
based on the leap-frog scheme corresponding to (2.7) and the trapezoidal rule cor-
responding to (2.8). In order to get a case where the first two terms in the expansion
cannot be obtained analytically, we also ran a case where Eq. (3.4) was modified by a
forcing function:

W+ AW wy + F=0, F=(F, c'F, 2F). @4.1)
The scheme is:
n+1 n-1
— X om . o
BB @D + p" Do) + By = O,
autl o O i f3n+1 n+1
D_Bo,- +—a;“p sz =0, BoN = P
B+l Eﬁ_—%—i n+l __ n+1 -
D+UO 0‘0 F3]. = 0, 0
& vyt — vg, + vgtt — v, 1 .
D Blj + P _070— 2At + Mozﬁz_" D_p]- -+ OuD_3, (4'2)
1

o "D B(,,] =0, B'=0,

+--D_B
P

J
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3 Byt — B+ Byt — By

P 041 0541 2 " 2 5 n+l _
D, &, + — T + By,D. %y, + 0,D.B,, = 0, v, = 0,
0
U'n+1 — U(?)’H—I + EUIL_H, Bn+1 — B:+l + e_B;h%l’
an+1 — a” s
'T_ == aovAY .

Here the caret over a variable denotes an average over the time levels ¢* and 7+,
&7+ js defined by linear extrapolation using the previous time levels. D, , D_ denote
the forward and backward divided difference operators, respectively. One-sided
second-order difference operators were used for v in the equation for py .
The results obtained by this scheme are labeled A-E-d. The analytically obtained
results for the case F = 0 are labeled A-E-a.

Throughout the experiments the following values on the physical constants were
used:

vy = 107,

By = 23,

oy = 1,

y = 1.67,

A = 5.553 - 10%,
=101

Two different values for the reference density p, were used:
pp = 1.67 - 1077
giving the dimensionless constants

M, = 0.61202, e = 0.062985,
and
po = 1.67 - 102

giving
M, = 2.6042, e = 0.0062985.

To calculate the solutions numerically for the full system we have used the DCG
system, described in [3], to generate the explicit leap-frog scheme and the implicit
Crank-Nicholson scheme.

The DCG system in its present form does not accept symmetry conditions leading
to derivative boundary conditions for hyperbolic systems. Therefore the problem was
defined on the interval —1 <{x <1 with symmetric initial functions for p, B and
antisymmetric initial velocity. The numerical boundary conditions can be chosen by
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DCG such that the outgoing characteristic variables are extrapolated using also
previous time levels. For our application these conditions have a poor accuracy and
give rise to an initial jump in the solution. Since it is of interest in more general cases,
we will explain this behavior.

One of the characteristics corresponds to the eigenvalue (v(x, t) — v(l, t) x) /oy,
which is zero at the boundaries. Therefore the appropriate model equation is

uy +alx)u; =0,  a(0) =0,
u(x, 0) = f(x),

for which we will study the behavior near the boundary x = 0. The first step is
computed by

At .
ut = f; + _Q—Zx_ai(f;'+l — fi-1) Jj=12,.

Ut = fo.

All later steps are computed using the leap-frog scheme with the stable boundary
condition

n+l o n __ gn—1
uptt = 2u, uy~

The local truncation error for this condition is

(0, 174) — uptt = (Ax® + A1) u, (0, 1) + O((Ax® + Arpr),

where ¢ is the coordinate along the lines ¢ + (4t/4x) x = const going through the
meshpoints. For a system like the one we are considering in this paper, the mesh is
chosen such that | A |max 4t/4x << 1, where | A |max is much larger than max, | a(x)] .
Therefore, u.(0, t) is not small even if a(0) is zero and the error becomes quite large
compared to the error at inner points. However, for the first step the error at the
boundary is zero; u,! equals f; , which is the correct value. The typical result with these
boundary conditions is therefore a jump after the first step and then a smooth-
looking solution. In Fig. F1 the density at the boundary is shown as a function of time
for the case described in D, but with p, = 1.67 - 107,

In this figure we also show the result when the extrapolation procedure is replaced
by the use of one-sided difference operators at the boundary. For our model example
we obtain

_ At
u;‘“ = ug 1 -+ 2a, '—"—Ax (u1n - uon)a

which leads to an unstable scheme for scalar equations and general functions a(x);
see [4]. However, in our case we have g, = 0, and also taking the first step into
consideration the above condition reduces to u; ** = u,", and we get the exact solution
at the boundary for all times.
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In our problem one-sided differences were used for the first two equations, and
together with the physical boundary condition this defines the complete solution at the
boundary. In [2] one-sided differences were used for a similar system.

In all the experiments g(¢) has the form

g(1) =g - G(n,  GO) =1,
g, = Py Afv? -+ 1) B

In this way the conditions p(1,0) = 1, B(1, 0) = 0 are compatible with boundary
condition (3.5b).
The initial values for the density are

p(x,0) = 0,9 + 0.1 cos 2mx

in all cases.

To limit the number of figures, we have chosen to present the boundary location «
as a function of ¢, and the velocity v as a function of x.

The result of the leap-frog run representing the exact solution is represented in all
figures by a solid line. The time step is chosen automatically by the DCG system to
satisfy the stability criterion. In cases A, B, C, 47 ~ 0.004 was used, in case D,
At ~ 0.0004. The following experiments were performed.

A
po = 1.67 - 107 (¢ = 0.062985),
g(t) = g,[1.05 + 0.05 sin(0.2zrt — m/2)]  for t < I,
v(x, 0) = 0.2 sin 27x,
B(x, 0) = 0.2(1 — cos 27x),
Adx = 0.1.

The initial data do not satisfy the reduced problem, and the solution is nonsmooth. As
could be expected, the Crank—Nicholson solution with 4¢ = 0.05 is very poor also for
the integrated quantity o; Figs. A1, A3. With the shorter time step A¢ = 0.025 the
result is slightly better for «, but v is completely wrong; Figs. A2, A3. Also looked
upon as a function of ¢, v has large errors; at x = 1 this is seen by studying the deri-
vative of « in Fig. A2.

B

As in A but with
v(x, 0) =0,
B(x, 0) = 0,
dx = 0.05.
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1.04

<-N(0.05)

0.99

0.00 100

Fic. Al. oft) for case A computed by the leap-frog scheme (L-F), and by the Crank-Nicholson
scheme with 4¢ = 0.05(C-N(0.05)).

loY.

. €-N(0.025)
1
ﬂ L-F
1
0.99 ; e ———
0.00 100

Fig. A2. o) for case A. L-F and C-N(0.025).
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0.00 1.00

Fic. A3. u(x,1) for case A. L-F, C-N(0.05) and C-N(0.025).
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1.00§ -,

) N\ €N (0.025)
L-F
Jd
o’qo T ] T 1 L] ] T T T 1
0.00 1.00
Fic. B2, ofz) for case B. L-F and C-N(0.025).
0.2
' . ] T TN eeaa < ceN(0.08)
T BRI L-F
T eeN(0.025)
-0.06 S ——
0.00 1.00

Fic. B3. t(x, 1) for case B. L-F, C-N(0.5) and C-N(0.025).
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The initial data satisfy the reduced problem. The Crank-Nicholson v-solutions are
still very poor approximations as can be seen in Fig. B3. The a-solution using 4¢ =
0.05 is also poor; with the smaller time step the error is smaller but still noticeable.

C
As in B but with

B(x, 0) = [p(1, 0)r — p(x, 0)*] ¢/y M?
= [l — (0.9 + 0.1 cos 2mx)*] e/y M2,

These initial data guarantee that the time derivatives up to second order are bounded.
The Crank-Nicholson solutions are quite accurate and cannot be distinguised from
the true solution in Fig. Cl. The oscillations in v for the Crank-Nicholson solution
are small in absolute magnitude, and are due to the fact that the initial values
are defined analytically, not by using the difference scheme.

The solution obtained from the asymptotic expansions is very accurate and cannot

be distinguished in the figure for «. We obtain

of1) = 0.99518 when using (3.9), A-E-a,
(1) = 0.99517 when using (3.9), A-E-D,
a(1) = 0.99526 when using (3.10), A-E-a.

1.000 .
i
.
L-F C-N (005) ,C-N(0.028)
0 A-E(39), A-E (3.00)
0.00 1.00

Fig. Cl. «(¢) for case C. L-F and C-N(0.05).

581/36/2-7
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Fic. C2. u(x, 1) for case C using L-F, C-N(0.05), and C-N(0.025).
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Fic. C3. (x, 1) for case C. L~F, A-E (3.9), and A-E (3.10).
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These values should be compared to the ““exact” solution produced by the leap-frog
scheme

a(1) = 0.99523.

In the figures we have not distinguished between A-E-a and A-E-d since they are in all
cases very close to each other.

The following table shows the normalized computing time for the three methods
used.

A-E-d, 4t = 0.05 1
C-N, full system, 4t = 0.05 15
L-F, full system, 4t ~ 0.004 12

No attempt was made in either case to optimize the codes.

D

po = 1.67 - 10~° (e = 0.0062985);
g(t) = g,[1.05 + 0.05 sin(2wt — 7/2)] for t < 0.5,
= 1.1g, for 0.5 <t <1;
v(x, 0) = 0;
B(x,0) = [1 — (0.9 + 0.1 cos 27x)*] ¢/y M.

1.00 .

L-F, A-E (4.2)
~— e A-E (3.10)

0.95 T T v y T T T 1
.00 060

Fic. D1. a(z) for case D. L-F, A-E (3.10), and A-E (4.2).
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0,00
N
N
N
A\
N¢
N
N
D
DN
N
X AE (#2)
N L-F )
-0.1% IA'E (3.10,
0.00 1.00

Fic. D2. w(x, 0.3) for case D. L-F, A-E (3.10), and A-E (4.2).

In this case g"(¢) is of the order -1, and we must expect that the e*-error obtained
with (3.9) is reduced to an error of order e. This might still be good enough since € is
small, and the result is shown in Figs. D1 and D2.

For this problem, the variable substitution B = 1 < €8 should be changed to

(which could have been used also for the previous problems). In this way, we obtain a
modified version of the third equation, which will now contain an inhomogeneous
t-dependent term. We do not write down all the formulas here, but the result for v
and o, using the first two terms in the expansions, is

_gW(sO)”
2g(t)3/2 ’ (4 2)
1) = (&(0)/g(O))* . '

These formulas give very accurate results, and for a the curve cannot be distinguished
from the true one in Fig. D2.

v(x, 1) =

E

This experiment used the same data as C, but a forcing function
— 1 0,522 1 7
F = (0,2 (1 — o), — o)

was introduced. The true solution and the one obtained by (4.2) are shown in Fig. E1.
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Fic. E2. u(x,0.9) for case E. L-F and A-E-d.
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Fic. F1. p(1,¢) for case C. Leap-frog scheme using extrapolated values at x = 1(L-F(EX)) and
one-sided differences at x = 1(L-F(OSD)).
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5. CONCLUDING REMARKS

The ideas put forward in this paper can be summarized as follows. If for a certain
problem one is interested in the slow variations of the solution only, then the rapidly
varying part should not be present, i.e., the solution should be smooth. This is the
condition under which implicit schemes can be used with long time steps and it
requires that the initial values be chosen properly. However, the smoothness property
of the solutions should be used in the form of asymptotic expansions, such that a more
efficient solution method is obtained as outlined in this paper. For systems in one
space dimension we think that it is quite clear that this method in most cases is
superior. In the multidimensional case the elliptic subproblems which must be solved
in each time step are more complicated. However, these systems are smaller than the
complete system, therefore we can still expect an efficient method. We believe that for
a given large system where high efficiency is required, the method arising from the use
of asymptotic expansions should be used, and each step be carefully analyzed such
that one can make use of all possible simplifications. The asymptotic expansions could
also be used in order to solve the equations arising from a semi-implicit scheme in an
effective way. We will further investigate these matters in a forthcoming paper.

We also want to stress the point that the equations to be solved in our method do
not have any 1/e-factors in the coefficients. If the full system is solved, these factors can
cause severe numerical difficulties, since truncation errors and rounding errors are
affected by these large factors. Furthermore no filtering is required, the method
automatically chooses the slow time scale even for nonlinear problems.
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